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Abstract
In recent y ears upwind di erencing has gained acceptance as a robust and accurate technique for the numerical approximation of the onedimensional shallow w ater equations. In two dimensions the bene ts have been less marked due to the reliance of the methods on standard operator splitting techniques. Two conservative g e n uinely multidimensional upwind schemes are presented which h a ve been adapted from ux balance distribution methods recently proposed for the approximation of steady state solutions of the Euler equations on unstructured triangular grids. A method for dealing with source terms, such as those introduced by m o delling bed slope and friction, is also suggested and results are presented for two-dimensional steady state channel ows to illustrate the accuracy and robustness of the new algorithms.
Introduction
In recent y ears, many advances have been made in the numerical solution of hyperbolic systems of conservation laws in one and more dimensions 14, 12, 1].
Of particular interest has been the prediction of discontinuous solutions to the equations, which can occur when the system is nonlinear.
In the case of the numerical solution of the shallow w ater equations traditional methods, such as those of Preissmann, Abbott 5] and McCormack 9] rely on central di erencing and are well known to require special treatment before a realistic numerical approximation of discontinuous ows can be obtained. More recently, the concept of upwinding has been adopted from the eld of gas dynamics for the modelling of shallow w ater ows 11, 3] . This has proved to be highly successful, particularly in one dimension, in which high order upwind schemes have been constructed which capture discontinuities sharply and smoothly. This is achieved without the addition of arti cial viscosity w h i c h is normally required to stabilise central di erence schemes in the vicinity o f h i g h o w gradients. Furthermore, the upwind discretisation arises naturally from the physical interpretation of hyperbolic systems of equations, also giving a framework in which boundary conditions can be applied easily. The upwinding approach is therefore ideal for the modelling of transcritical and supercritical ows.
The practical advantages of upwind schemes in higher dimensions are less clear. Historically, t h e y h a ve been applied to the two-dimensional shallow w ater equations via the use of standard operator splitting techniques, e.g. 3], which by implication involves the application of one-dimensional methods to a multidimensional system of equations, albeit in two independent directions. Recently though, multidimensional upwind schemes have been developed for the numerical solution of the Euler equations of gas dynamics 24, 18, 21, 16] which can equally well be applied to the shallow w ater equations. These schemes are conservative, upwind, cell-vertex nite volume methods based on the concept of uctuation distribution 20] and are applied on unstructured triangular grids. They di er from most standard nite volume schemes in that the underlying representation of the ow is not piecewise constant within each grid cell, as is usual, but continuous piecewise linear with the unknowns stored at the nodes of the grid, more akin to a standard nite element approximation. The resulting schemes are designed to mimic the evolution of the approximate solution within each triangular grid cell, whereas previous upwind methods concentrated on the Riemann problems arising at the discontinuities in the approximation (e.g. at cell edges), an inherently one-dimensional process.
Multidimensional upwind schemes are constructed from three distinct elements: a consistent, conservative linearisation of the system of equations, the decomposition of the resulting discrete system into simple (mainly scalar) components, and the subsequent e v olution of the decomposed system using scalar and matrix uctuation distribution schemes. In this paper attention is focussed on the linearisation and decomposition stages of the algorithm, both of which di er slightly from those devised for the Euler equations 18, 16] . The distribution of the components is also described but this step remains unchanged from the solution of other systems and further details can be found in 8].
Multidimensional upwind schemes for the solution of the shallow w ater equations have already appeared in 10, 17] but those schemes were not conservative.
In this paper a conservative f o r m ulation is presented, together with two alternative decompositions of the system of shallow w ater equations and a method of incorporating source terms such as those arising from the consideration of bed slope and friction. Results are presented to illustrate the quality o f t h e n umerical solutions obtained for steady state problems.
The Governing Equations
The shallow w ater equations can be used to describe the motion of`shallow' freesurface ows subject to gravitational forces. The system can be obtained from the depth-averaged Navier-Stokes equations and the resulting homogeneous system represents the conservation of mass and momentum in the ow. The structure of the system is very similar to that of the Euler equations. The e ects of bed slope and friction on the ow are modelled by the inclusion of source terms on the right hand side of the system which modify the momentum conservation equations. in which n is Manning's roughness coe cient.
The quasilinear form of the system (2.1) will also be required later. This is given by the equations
where the conservative ux Jacobians are 1 C C C C C C C C A (2:9) in which c = p gh is the gravity w ave speed or wave celerity. Further details about the mathematical aspects of the shallow w ater equations can be found in 23].
A Conservative Linearisation
An appropriate linearisation of the shallow w ater equations is required so that the decomposition and distribution stages of the algorithm give rise to a conservative scheme. Many di erent conservative linearisations have been constructed for the Euler equations, see for example 7, 2], but it is the most robust of these, based on Roe's one-dimensional linearisation using a set of parameter vector variables 19], which is generally used for practical calculations. This linearisation is adapted here to give an analogous discrete form of the shallow w ater equations.
Consider the two-dimensional homogeneous system, U t + F x + G y = 0 (3:1) in which the conservative v ariables U and uxes F, G are given by (2.2) and (2.3)
respectively. F or a given cell in a triangular discretisation of the computational domain the ux balance is de ned by
in which d n represents the inward pointing normal to the cell boundary. The numerical approximation to U is de ned to be of the form d U = ; S 4 c
where S 4 is the cell area and b indicates a discretised quantity. The precise de nition of the discrete form of the ux balance will be described below.
Multidimensional upwind schemes update ow v ariables stored at the nodes of the grid via the distribution of the discrete form of the ux balance, d U of (3.3), within each cell. Conservation requires that the overall contribution to the nodes depends only on boundary conditions, so for a linearisation such as that represented by (3.3) to be conservative the sum over the whole ow domain of the d U should reduce to boundary contributions alone. It follows immediately from (3.2) that a linearisation is conservative i f d U = U for each grid cell, and the resulting scheme is conservative as long as the whole of each discrete ux balance is distributed to the nodes of the grid.
In keeping with the linearisation of the Euler equations, the discrete ux Jacobians in (3.3) are sought in a form which allows d U to be readily decomposed by the methods described in Section 4 below, i.e. the Jacobians are evaluated consistently from some cell-average state, Z say, so that In the case of the Euler equations it is possible to choose Z so that each e n try in the corresponding Jacobian matrices is a linear function of its components 19]. Hence, the integrals in (3.6) can be evaluated exactly in terms of a single cell-averaged value of Z and this leads to a conservative linearisation satisfying and that, from (3.9), the discrete conservative ux balance (3.3) is given by
in which q U = ; S 4 S U U x + T U U y :
Thus, the two components of the ux balance (3.9) reveal themselves to be (1) U evaluated at the cell-average state (3.10) and (2) a small`source' term q U . The source term arising from the linearisation above can be evaluated quickly since the`Jacobians' are the simple sparse matrices These are derived from the di erence between integrating (3.6) exactly and approximating it using a one point quadrature rule. The size of the source q U is therefore negligible in smooth ow but may h a ve an e ect at discontinuities.
In the following section the decomposition of U in (3.14) is described. Source terms arising from both the linearisation and the consideration of bed slope and friction are considered separately in Section 6.
Two Optimal Decompositions
The decomposition stage of the algorithm dictates how the rst component o f the ux balance, U of (3.14), within each triangle of the grid is divided up into simple elements. In one dimension a complete decoupling of the system into scalar components is uniquely available through the transformation of the equations into . This was originally constructed to reduce the condition number of the system and accelerate convergence of the numerical algorithm to the steady state but here it is used to facilitate the construction of an optimal decomposition of the system in the sense that the equations of the decomposition are maximal-ly decoupled. The corresponding analysis of the shallow w ater equations closely follows that of 18, 16, 25] and the resulting preconditioners are described here.
For the sake of simplifying the algebra, the homogeneous part of the sys- where q = p u 2 + v 2 is the speed of the ow a n d = t a n ;1 v u its direction. The symmetrised form of the shallow w ater equations are now preconditioned by a matrix P, and the resulting system written in the form The superscript (and later subscript) S indicates that the streamwise coordinate system is being used. The complete decoupling of the equations in supercritical ow a l l o ws the sys-tem (4.7) to be written in the form of three scalar advection equations, i.e. where every term on the right hand side of (4.13) is evaluated consistently from the cell-average state de ned by (3.10) and (3.11), and r k U is the k th column of the matrix
Decomposition 1 (HELW)
This matrix transforms the components of the ux balance corresponding to the characteristic equations back i n to components of the conservative ux balance.
Hence (4.13) represents a consistent decomposition of U of (3.14), the components of which m a y each be distributed using a simple scalar scheme such as that described in Section 5.1 below.
In the case of subcritical ow t h e c hoice of characteristic variables de ned by Hence the characteristic equations take the form of a single scalar advection equation, which is precisely the same as the k = 3 equation de ned by (4.11) and (4.12), together with a 2 2 elliptic subsystem, so U of (3.14) is written It is easy to see that in the supercritical region ; = 0, the system is completely decoupled, and the decomposition (and subsequent distribution) reduces to precisely that given for supercritical ow in Section 4.1.
In the subcritical case the system is again decomposed into a single, independent scalar component and a pair of coupled equations, but rather than regarding the latter as a 2 2 subsystem it is instead treated as in 18], as two separate scalar equations with source terms. As a consequence, the decomposition of U of (3.14) takes the form For the sake of simplicity and compactness, a cell is only allowed to contribute a proportion of its uctuation to its own vertices. The distribution coe cients j i are chosen so that the resulting scheme has the following four properties:
Upwindedness -the uctuation within a cell is only sent t o t h e d o wnstream
vertices of that cell, i.e. vertices opposite in ow edges for which b ñ > 0, whereñ is the inward pointing normal to the edge.
Positivity -e v ery nodal value of u at the new time level in (5.6) is a convex combination of nodal values of u at the old time level, so the scheme cannot produce new extrema in the solution at the new time-step, spurious oscillations do not appear in the solution and the scheme is stable for an appropriate time-step restriction.
Linearity preservation -the exact steady state solution is preserved when this varies linearly in space, so no update is sent to the nodes when a cell uctuation is zero and the scheme is second order accurate at the steady state on a regular mesh with a uniform choice of diagonals 8].
Continuity -the contributions to the nodes, j i j (5.6), depend continuously on the data, avoiding limit cycling as convergence is approached and improving the robustness of the scheme.
Linearity preservation should also be satis ed by the decomposition, so that no update is sent to the vertices of a cell when its ux balance is zero and the higher order accuracy possessed by the linearity preserving scalar scheme is retained by the overall algorithm. The property i s o b viously satis ed by t h e t wo decompositions described here because the columns of the matrix R U (4.14) are linearly independent.
A simple distribution scheme with all of the above properties is the so-called The PSI scheme is positive for a restriction on the time-step at a node i given by 
Distribution of Coupled Components/Subsystems
The elliptic nature of the 2 2 subsystem which results from the decomposition of the shallow w ater equations in subcritical ow suggests that an upwind distribution strategy is less appropriate than for the scalar components. 
Source Terms
Source terms appear in the linearised shallow w ater equations both as a result of modelling bed slope and friction (2.1) and from the linearisation (3.14), and these terms must be included in the updating of the solution.
The simplest method of treating the momentum sources, q in (2.1), is to calculate them pointwise at each node and then add them to the conservative variables once the ux balance distribution has been completed, so
in which U n i is the update indicated by the distribution of the decomposed ux balance. However, it is more appropriate to the schemes presented here for all of the sources to be incorporated within the ux balance distribution itself. This is the obvious way to treat the linearisation source terms since they are inherently cell-based quantities.
One way o f a c hieving this is to include the source terms within the decomposition, so the characteristic equations of (4.7) become A positive distribution scheme does not remain positive under this modi cation but the linearity preservation property is retained by calculating the distribution coe cients precisely as in the homogeneous case but then using them to distribute the quantity c q . The modi ed updates are then transformed into increments of the conservative v ariables using the matrix R U (4.14) as before. The source terms which n o w appear in the elliptic subsystem can also be treated in this manner for both the matrix and scalar distributions.
A third method of treating the source term q tot is to distribute it separately from U , and the simplest way to do this is via a symmetric distribution in which one third of q tot within a cell is sent t o e a c h of its vertices. All three ways of incorporating the source terms are considered in the following section.
Results
Both algorithms described in the previous sections (HELW and HESUPG) have been used to solve n umerically a wide variety of steady state test cases for the twodimensional shallow w ater equations. In all cases the linearisation source terms are distributed separately from the rest of the ux balance by a simple central scheme since this strategy proves to be more robust than an upwind distribution and there is negligible di erence between the results. The momentum sources, when they appear, are distributed in an upwind manner as part of the ux balance for the purposes of accuracy, except when robustness becomes an issue in which case they are considered separately and evaluated on a pointwise basis.
The boundary conditions are applied very simply by referring to the theory of characteristics. This determines the number and form of the physical conditions which should be imposed at a chosen point on the boundary. One condition must be applied for each positive e i g e n value of the matrix C U = A U n x + B U n y (7:1) whereñ = ( n x n y ) T is the inward pointing normal to the boundary of the computational domain. In the case of the shallow w ater equations these eigenvalues are given by 1 shown that the use of implicit and characteristic time-stepping techniques would both signi cantly reduce the cost of reaching the steady state in the case of the Euler equations. Neither technique is used here but it is expected that both could be used to similar advantage.
Note that a CFL number of 0:7 has been used here but in the subsequent test cases, all of which h a ve regions of subcritical ow, the CFL number is taken to be 0:2 which p r o ved to be the highest value which could be taken which w as stable for all of these cases. This seems to be because of the discontinuity in the distribution at the critical line and the nonorthogonality of the eigenvectors of the preconditioned system at low F roude numbers (described in more detail in 6]).
Symmetric Constricted Channel Flows
The domain for these test cases represents a channel of length 4 metres and width and Lax-Wendro (bottom) schemes.
is completely subcritical and therefore symmetric about the centre of the constriction (the narrowest point o f t h e c hannel) since the friction and bed slope are both taken to be zero.
It can be seen from Figure do. Figure 7 .7 shows the convergence histories for the subcritical solutions presented in this section. It can be seen that in the subcritical case, although convergence is still slow without the use of acceleration techniques, both upwind schemes (particularly HELW) converge much faster than the Lax-Wendro scheme. In the transcritical case convergence is generally very slow and in some cases machine accuracy is not achieved.
Sloping Channel Flows with Friction
Although essentially one-dimensional this test case can be used to validate the treatment of the momentum source terms on the two-dimensional triangular grid.
It is one of a family of exact steady state solutions of the one-dimensional shallow water equations with bed slope and friction included which has recently been constructed for straight o p e n c hannels 15].
The particular case chosen here is of ow in a rectangular channel, 1000m
long and 10m wide. Manning's roughness coe cient i s t a k en to be 0.02 and the The treatment of the momentum sources also merits attention since it is still unclear which is the best method to use for their distribution. The most robust treatment p r o ved to be to consider the sources on a nodal basis but distributing cell-averaged source terms in an upwind manner appears to be more accurate.
It is clear though that the linearisation sources are necessary for the precise positioning of the hydraulic jumps although in many cases adequate numerical solutions can be obtained using a non-conservative f o r m ulation.
Multidimensional upwinding is still undergoing improvements for steady state ows, even though the resulting numerical solutions are now of a high quality for all ow regimes. However, it remains to construct a scheme which produces approximations of comparable accuracy to time-dependent o ws.
